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We study the spin-phonon drag effect in the magnetothermal transport of spin-1/2 two-leg ladders
coupled to lattice degrees of freedom. Using a bond operator description for the triplon excitations
of the spin ladder and magnetoelastic coupling to acoustic phonons, we employ the time convolu-
tionless projection operator method to derive expressions for the diagonal and off-diagonal thermal
conductivities of the coupled two-component triplon-phonon system. We find that for magnetoelas-
tic coupling strengths and diagonal scattering rates relevant to copper-oxide spin-ladders the drag
heat conductivity can be of similar magnitude as the diagonal triplon heat conductivity. More-
over, we show that the drag and diagonal conductivities display very similar overall temperature
dependences. Finally, the drag conductivity is shown to be rather susceptible to external magnetic
fields.
PACS numbers: 72.20.Pa, 75.10.Jm, 75.76.+j, 05.60.Gg
I. INTRODUCTION
Understanding spin transport is not only a funda-
mental issue of quantum many body physics, but also
paramount to future spintronics and quantum informa-
tion processing. A new route into pure spin transport,
without mobile charge degrees of freedom has been es-
tablished a decade by now, with the colossal magnetic
heat transport in quasi one-dimensional (1D) spin lad-
der materials such as (La,Ca,Sr)14Cu24O411–3 - where the
magnetic contribution to the total thermal conductivity
κ exceeds the phonon part substantially - as well as in
other 1D spin chain compounds1,5,6. This phenomenon
has led to an upsurge of interest in the non-equilibrium
properties of low-dimensional quantum magnets. Exper-
imentally available data for the spin transport in lad-
ders is analyzed in terms of Boltzmann descriptions sug-
gesting very large low-temperature mean-free paths of
several hundred lattice constants1,2. This remains ill-
understood8.
In this context extrinsic scattering, by impurities and
phonons may play an important role. Phonons by them-
selves are omnipresent carriers of heat, which directly
interact with spin degrees of freedom, primarily via mag-
netoelastic coupling. Usually this interaction is treated
as a source of dissipation of the spin and phonon heat
currents9–12. However, another less well studied conse-
quence of a coupled spin-phonon two-component system
exists: namely the off-diagonal effect of the flow of one
of the excitations facilitating the flow of the other13–15.
This is referred to as “spin-phonon drag,” in analogy with
electron-phonon drag discussed for thermoelectric phe-
nomena in metals and semiconductors16–19.
Quite recently the theory of spin-phonon drag has been
revisited within a generic two-component model of inter-
acting bosons20. Within this work, the formal equiva-
lence of two distinct approaches for the description of
drag, namely quasiclassical Boltzmann transport theory
and Kubo linear response formalism, has been laid out,
Figure 1: Spin-phonon coupled ladder model. Red arrows:
spin-1/2 moments located at equilibrium positions rl,h on legs
h = 1, 2 with longitudinal displacements xl independent of
h. Dashed leg section: finite longitudinal phonon amplitude
∆xl = xl − xl+1 6= 0. AFM exchange J‖(⊥) on black legs (or-
ange rungs). Green rectangles: rung singlet formation. Spin
’directions’: AFM nn-correlations. B~ez: external magnetic
field.
including several qualitative conclusions. However, a di-
rect application of the ideas put forward to a more real-
istic situation is still lacking. Therefore, in this work we
move ahead and study the spin-phonon drag in a spin-
ladder coupled to acoustic phonons. One of our main
conclusions is, that for magnetoelastic coupling strengths
typical for cuprate ladders such as (La,Ca,Sr)14Cu24O41,
the drag conductivity can be of similar magnitude as the
magnetic thermal conductivity and moreover displays a
remarkably similar high-temperature dependence.
The outline of this paper is as follows. In section II we
describe our model of a two-leg ladder coupled to lattice
degrees of freedom. The spin dynamics of the ladder is
treated in the limit of strong rung coupling, for which we
resort to a bond-operator treatment in subsection II B.
The spin-phonon coupling is discussed in subsection IIC.
In section III we detail our evaluation of the drag rates,
for which we extend the approach of ref.20, by embed-
ding its findings within the time convolutionless projec-
tion operator method to obtain the transport rates. In
section IV we apply our approach to the specific case
of (La,Ca,Sr)14Cu24O41 ladders, contrasting the drag to
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2the diagonal conductivities versus temperature and spin-
phonon coupling strength as well as external magnetic
fields. We conclude in section V.
II. SPIN-PHONON COUPLED LADDER
For the remainder of this study we focus on the two-
leg spin-1/2 ladder depicted in Fig. 1 with magnetoelastic
coupling of the spin degrees of freedom to lattice vibra-
tions
H = HS +HP +HSP , (1)
where HS,P,SP refers to the spin, phonon, and spin-
phonon parts of the total Hamiltonian H.
A. Lattice Dynamics of the Ladder
To keep the analysis simple, we refrain from any de-
tailed modeling of 3D phonon spectra of ladder struc-
tures. Rather we assume a spin ladder with strong cou-
pling across the rungs, both structurally as well as elec-
tronically. In turn intra-rung vibrations are discarded
and we consider only longitudinal inter-rung vibration
along the direction of the legs of the ladder as in Fig. 1.
In turn HP refers to a single one-dimensional acoustic
phonon
HP =
∑
q
ωqb
†
qbq , (2)
where ωq=ωD|sin (q/2) | is the dispersion of the rung
phonon b(†)q,h with a Debye energy ωD and q ∈ [−pi, pi[.
Several comments are in order regarding this phonon
spectrum. First, we stress that other than for simplicity
of later numerical calculations, the formal developments
of our analysis do not depend on the phonon’s dimension-
ality. The latter primarily affects the low-temperature
form of the phononic heat conduction for T  ωD, where
it is sensitive to various scattering mechanism21,22. How-
ever, we will be concerned primarily with the overall be-
havior of the thermal conductivity on temperature scales
larger than the Debye energy, where the heat conduction
of the pure phonon system is dominated by a constant
specific heat and a scattering rate which increases pro-
portional to the phonon density, i.e. ∝ T , independent
of dimension.
B. Spin Dynamics of the static Ladder
The spin Hamiltonian of the static ladder reads
HS=
∑
l
[J⊥~Sl,1·~Sl,2 +
∑
h=1,2
(J‖~Sl,h·~Sl+1,h−BSzl,h)] (3)
with intra(inter)-rung AFM exchange J⊥(‖), external
magnetic field B, and periodic boundary conditions
(PBC). To describe the spin excitations of the two-leg
ladder for B = 0 we use the well established bond-
operator representation23,24 of dimerized spin-1/2 sys-
tems. Here we briefly recapitulate this method. The
eigenstates of the total spin on a single rung are one
singlet and three triplets. These can be created by the
bosonic bond operators s†n and t†α with α = x, y, z acting
on a vacuum |0〉 by
s†n|0〉 =
1√
2
(| ↑↓〉 − | ↓↑〉)n
t†x,n|0〉 = −
1√
2
(| ↑↑〉 − | ↓↓〉)n
t†y,n|0〉 =
i√
2
(| ↑↑〉+ | ↓↓〉)n
t†z,n|0〉 =
1√
2
(| ↑↓〉+ | ↓↑〉)n , (4)
where the first (second) entry in the kets refers to site
1(2) of the rung n of Fig. 1. On each site we have
[s, s† ]=1, [s(†), t(†)α ]=0, and [tα , t†β ]=δαβ . The bosonic
Hilbert space has to be restricted to either one singlet or
one triplet per site by the constraint
s†nsn + t
†
α,ntn,α = 1. (5)
Expressing HS by the bond operators yields a bose gas of
singlets and triplets with two-particle interactions medi-
ated by the inter-rung coupling J‖. At J‖=0 these inter-
actions vanish leaving a sum of purely local rung Hamil-
tonians, which lead to a product ground-state of singlets
localized on the rungs and a set of 3N -fold degenerate
triplets. For finite J‖ the inter-rung interactions can be
treated approximately by a linearized Holstein-Primakoff
(LHP) approach23,25–28. The LHP method retains spin-
rotational invariance and reduces HS to a set of three
degenerate massive magnons (triplons)
HS =
∑
k
Ωka
†
α,kaα,k + const. (6)
with
t†α,k = uka
†
α,k + vkaα,−k, (7)
Ωk = J⊥
√
1 + 2ek (8)
ek =
J‖
J⊥
cos(k) (9)
u[v]2k =
1
2
(
J⊥(1 + ek)
ωk
+ [−]1
)
. (10)
The ’[]’-bracketed sign on the rhs. in (10) refers to the
quantity v on the lhs.. The spin-gap ∆= min{Ωk} resides
at k=pi with ∆=
√
J2⊥ − 2J⊥J‖. Note that because of (7)
the ground state |D〉, which is defined by aα,k|D〉=0,
contains quantum-fluctuations beyond the pure singlet
product-state. To leading order the dispersion Ωk is iden-
tical to perturbative expansions29,30. Beyond the LHP
3approach triplet interactions and more elaborate consid-
eration of the constraint (5) lead to a renormalization of
Ωk and the formation of multi-magnon bound states31–35.
However, for J‖  J⊥ - which we assume for the remain-
der of this work - these renormalizations can be neglected.
To keep HS diagonal at finite magnetic fields B along
the z-direction, we have to transform the x, y, z-spin pro-
jections of the triplets onto magnetic z-quantum numbers
m=± 1, 0 as usual
a†x{y},k =
1{i}√
2
(a†1,k + {−}a†−1,k) , a†z,k = a†0,k , (11)
leading to the final spin Hamiltonian
HS =
∑
m,k
Ωm,ka
†
m,kam,k , (12)
with the dispersion
Ωm,k = Ωk +mB , (13)
which splits into three non-degenerate branches at B 6= 0,
according to the Zeeman energy.
C. Spin-Phonon Coupling
The central ingredient to the spin-phonon drag is some
type of coupling between the triplon and phonon bath.
Our work is based on a direct magnetoelastic coupling
along the legs of the ladder. In fact from Fig. 1 we read
off, that the on-leg exchange is subject to inhomogeneous
deviations of the center of mass coordinate of the dimers
from their equilibrium positions by
J||,l,l+1 = J‖ + ξ∆xl , (14)
where ξ = −∂J||/∂a with the on-leg lattice constant a,
∆xl = (xl−xl+1), and ξ will usually be positive. Models
for the super-exchange in cuprates36–39 suggest a rather
material sensitive range of possible values for ξ, with typ-
ically J‖ ∝ a−4. From (14) the spin-phonon part of (1)
follows from its classical version regarding the deviations
HSP =
∑
l,h
ξ∆xl~Sl,h·~Sl+1,h (15)
by quantizing the deviations
xq,h =
√
~
2Mωq
(b†−q + bq) (16)
in terms of the phonons from subsection IIA with the
Fourier transform xl =
∑
q e
iqlxq/
√
N .
After some algebra, expressing the spin operators in
(15) completely analogous to those in (3) by bond bosons,
using again the LHP approach and dropping all triplon
vertices of order higher than quadratic, we arrive at an
expression for HSP in terms of two-triplon-one-phonon
vertices
HSP =
∑
k,q,m,h
(b†−q,h + bq,h)
[
Γank,q(a
†
−m,−ka
†
m,k+q+
a−m,kam,−k−q) + Γnk,q a
†
m,k+qam,k
]
(17)
with
Γank,q = −i γk,q e−i(k+(q/2)) (18)
Γnk,q = −2i γk,q cos(k + (q/2)) (19)
γk,q =
g(uk + vk)(uk+q + vk+q)sin( q2 )√
N |sin( q2 )|
(20)
and the coupling constant
g =
√
~2
2MωD
ξ . (21)
We have used ωq = ω−q. Note that both Γnk,q and Γ
an
k,q do
not depend on the magnetic quantum number m. The
scattering processes in (17) featuring Γnk,q correspond to
processes where a magnon is scattered under creation or
annihilation of a phonon, the magnon conserves its mag-
netic quantum number. These processes will be called
normal processes in the following. Terms with Γank,q cor-
respond either to processes, where two magnons of oppo-
site magnetic quantum number are created (annihilated)
along with the annihilation (creation) of a phonon, or to
processes where two magnons of opposite magnetic quan-
tum number and one phonon are simultaneously created
(annihilated). The former will be called anomalous pro-
cesses and the latter processes (vacuum fluctuations) are
irrelevant for transport.
Next we briefly discuss some very rough orders of
magnitude for the spin-phonon scattering in cuprate
ladders. First, in those materials J‖(⊥)ωD. Sec-
ond, both normal and anomalous processes give rise
to final states with at least one triplon, i.e., the fi-
nal DOS is at most O(1/J‖). Therefore the parameter
driving perturbation theory is |g/J‖|. Using (21) we
get |g/J‖| = |(∂J‖/∂a)(a/J‖)|/
√
(M/m)(2ma2/~2)(ωD)
where we have inserted the free electron mass m. For the
longitudinal type of dimer phonon, Fig. 1, M refers to
some total mass of two copper and eight oxygen atoms,
i.e., M/m ∼ O(105). For typical cuprate lattice spac-
ings of a ∼ 4Å one has ~2/(2ma2) ∼ O(100meV ),
and finally ωD ∼ O(10meV ). This yields |g/J‖| =
|(∂J/∂a)(a/J)|/O(102). With J ∝ a−n, cf. ref.36–39,
it follows that |g/J‖| = O(n/100). From n ∼ 2 . . . 4, and
given the very approximate nature of the preceding ar-
gument, one may expect |g/J‖| ∼ O(10−2) . . . O(10−1),
which also implies that perturbation theory in terms of
g for the coupled spin-phonon system is well justified.
4III. THERMAL TRANSPORT AND DRAG
A. Scattering Rates
Now we analyze the transport relaxation rates rele-
vant for a Boltzmann description of the mutual current
drag in the coupled spin-phonon system of the preced-
ing section. Deriving drag rates is not a settled issue
and different routes may be pursued. Direct evaluation
of collision terms have been shown to agree with results
from diagrammatic calculations of the linear-response
conductivities20. Memory functions form another pow-
erful approach14. Here we consider yet an alternative
construction of drag rates following a recent study of
electron-phonon coupling in 1D atomic wires40. Within
this construction the time convolutionless (TCL) pro-
jection operator method42–44 is employed to reduce the
quantum dynamics of deviations of occupation numbers
in momentum space from their equilibrium values to a
set of rate equations. The later rates can be interpreted
in terms of collision rates of the linearized Boltzmann
equation41. While in ref.40 this approach has been used
for the diagonal collision rates of a mixed fermion-boson
system, here we will focus on the off-diagonal rates,
which describe the drag in a two-component boson-boson
system.
For completeness we summarize the main ingredients
of the TCL projection operator method. Given any de-
composition of the Hamiltonian H = H0 + V , the TCL
approach is a perturbative scheme to derive a closed
system of equations of motion for a set of ’relevant’
quantities42–44. In our case the perturbation V refers to
the magnon-phonon-coupling and perturbation theory is
applicable in the spirit of the last paragraph of section
IIC, i.e., g2/J‖  J‖, ωD. The main idea is to define a
projection operator P which maps the system’s complete
time-dependent density matrix ρ(t) onto a reduced den-
sity matrix-like object Pρ(t) which only incorporates the
dynamics of the relevant variables.
As detailed in41, a proper construction of the pro-
jection operator P involves ’coarse graining’ of momen-
tum space. Observable transport processes will be in-
dependent of a particular choice of the graining in the
limit of small grain size. Different types of graining
have been discussed in40,41. For the present model, one
starts off from the deviation of the triplon (phonon)
density at fixed momentum k (q) from equilibrium, i.e.
∆Sm,k = a
†
m,kam,k − gm,k (∆Pq = b†qbq − pq), where gm,k
(pq) are the triplon (phonon) equilibrium Bose distribu-
tions. Using this, the operators
DSm,κ =
∑
k∈κ
ρeq∆Sm,k
Tr[ρeq∆S 2m,k]
, DPη =
∑
q∈η
ρeq∆Pq
Tr[ρeq∆P2q ]
(22)
are introduced, where the Greek index κ (η) labels a
grain in the magnon’s (phonon’s) momentum space and
ρeq corresponds to the equilibrium density matrix, i.e.,
Tr[ρeqa†m,kam,k] = gm,k and Tr[ρ
eqb†qbq] = pq. From eqn.
(22), the projected density matrix is defined
Pρ(t) = ρeq +
∑
m,κ
DSm,κd
S
m,κ(t)
Nm,κ
+
∑
η
DPη d
P
η (t)
Nη
, (23)
where Nm,κ (Nη) are the number of states per grain and
dSm,κ(t) (dPη (t)) are the on-grain density deviations
dSm,κ(t) = Tr[∆Sm,κρ(t)] dPη (t) = Tr[∆Pη ρ(t)]
∆Sm,κ =
∑
k∈κ ∆
S
m,k ∆
P
η =
∑
q∈η ∆
P
q .
(24)
These density deviations form the set of relevant vari-
ables.
To leading order in V , i.e., g, and introducing the vec-
tor d(t) = (dS(t),dP(t)) = (dSm,κ(t), dPη (t)) of the rele-
vant variables, the TCL projection approach now results
in a system of rate equations which couples all magnon
and phonon occupation number deviations as
d˙(t) = R(t)d(t), R(t) =
[
RS(t) RP-S(t)
RS-P(t) RP(t)
]
. (25)
The 2 × 2 block-structured rate matrix allows for a di-
rect interpretation in terms of momentum redistribution.
While the diagonal blocks RS(P) account for transitions
between momentum grains within the triplon (phonon)
sector of the Hilbert space due to the presence of phonons
(triplons), the off-diagonal blocks RP-S(S-P) quantify a
momentum pickup of the phonons (triplons) from the
triplons (phonons), i.e., mutual drag.
Analytic expressions for RS−P(P−S) to leading order
in g are evaluated in close analogy to40,41. For the drag
rates, and after some algebra, we get
RS-Pη,(m,κ)(t) =
∑
i∈κ,j∈η
2
~2Nm,κ
ˆ t
0
dτ (26)[
|Γni,−j |2(1+gm,i−j+pm,j)cos(
εm,i−εm,i−j−ωj
~
τ)
+|Γni,j |2(gm,i+j−pj)cos(
εm,i−εm,i+j+ωj
~
τ)
+4|Γani,−j |2(g−m,j−i−pj)cos(
εm,i+ε−m,j−i−ωj
~
τ)
+4|Γani,j |2(1+g−m,−i−j+pj)cos(
εm,i+ε−m,−i−j+ωj
~
τ
]
and
RP-S(m,η),κ(t) =
∑
i∈κ,j∈η
2
~2Nκ
ˆ t
0
dτ (27)[
|Γnj,−i|2(gm,j−i−gm,j)cos(
εm,j−εm,j−i−ωi
~
τ)
+|Γnj,i|2(gm,i+j−gm,j)cos(
εm,j−εm,j+i+ωi
~
τ)
+4|Γanj,−i|2(1+g−m,i−j+gm,j)cos(
εm,j+ε−m,i−j−ωi
~
τ)
5+4|Γanj,i|2(1+g−m,−i−j+gm,j)cos(
εm,j+ε−m,−i−j+ωi
~
τ)
]
.
Note that these expressions are valid at all times. Only in
the long-time limit they will display the familiar ’energy-
conserving’ δ-functions. In each of (26) and (27), the
first two rate terms result from normal processes and the
remaining two from anomalous processes, where the last
one corresponds to a simultaneous creation (annihilation)
of two magnons and one phonon and is forbidden in the
long-time limit because of energy conservation.
For the diagonal rates RS(P), expressions similar to
(26,27) can be derived in principle. However, for the re-
mainder of this paper we will follow a different route.
Namely, in addition to the triplon-phonon scattering, we
will include all other potentially relevant diagonal relax-
ation mechanisms not contained in our model on a phe-
nomenological basis. This includes impurity scattering,
triplon-triplon interactions beyond eqn. (6), and phonon
anharmonicities. We assume these rates to be diagonal
RS(m,κ),(n,η)≈ − δκηδmn/τSm,κ and RPk,i≈ − δκη/τPκ , with
relaxation times τSm,κ and τPη which may still depend on
temperature, the momentum grain index, as well as the
triplon’s magnetic quantum number.
B. Thermal Conductivity
Following the standard Chapman-Enskog procedure45
we now set up the linearized Boltzmann equation. To
that end we introduce additional ’vectors’
n = (gm,κ, pη) equilibrium distributions
ε = (εm,κ, ωη) energies
v = (∂kεm,κ, ∂kωη) = (vm,κ, uη) velocities , (28)
using the triplon and phonon subsystem indices m,κ and
η. To simplify notations, the triplon indices will also be
subsumed into a single Greek letter ξ. For slow spatial
and time variations, i.e., in the hydrodynamic regime,
and to leading order, the Chapman-Enskog expansion
links the change of the distribution function to its de-
viation from equilibrium via the rates of eqn. (25) by
− ∂nα
∂ε
εα
T
(vα∂xT ) =
∑
β
Rαβdβ . (29)
Since the heat current density is ~j = 1Ga
∑
α εα~vαdα,
where G corresponds to the number of grains and a is the
lattice constant, the thermal conductivity follows from
(29) as
κ =
1
GaT
∑
α,β
vαεαR
−1
αβεβvβ
∂nβ
∂ε
(30)
with the 2 × 2-block inverse collision term matrix R−1αβ .
In turn the thermal conductivity decomposes into four
parts
κ = κS + κP + κP-S + κS-P , (31)
which can be identified as the conventional magnon and
phonon conductivities κS, κP, which are diagonal, i.e.,
κ = η, and two drag conductivities κP-S, κS-P, which are
off-diagonal, i.e., κ 6= η. Assuming that RS, RP  RS-P,
RP-S, the inverse collision term simplifies, and we obtain
the usual diagonal conductivities
κS = − 1
Ga
1
T
∑
ξ
v2ξε
2
ξτ
S
ξ
∂gξ
∂ε
κP = − 1
Ga
1
T
∑
η
u2ηω
2
ητ
P
η
∂pη
∂ω
, (32)
where ξ (η) runs over the triplon (phonon) grains only.
The drag conductivities read
κS-P = − 1
Ga
1
T
∑
η,ξ
(vξεξτ
S
ξ )(uηωητ
P
η )
∂gξ
∂ε
RS-Pη,ξ
κP-S = − 1
Ga
1
T
∑
ξ,κ
(vξεξτ
S
ξ )(uκωκτ
P
κ )
∂pκ
∂ω
RP-Sξ,κ . (33)
Using eqns. (26,27), and after some algebra one can show
that κS-P = κP-S ≡ κD/2. As a consistency check, we
note that eqns. (33) are identical to those derived in
ref.20, using however different methods.
IV. APPLICATION TO CUPRATE LADDERS
In this section we will perform a numerical evaluation
of (26,27) and (32,33), to provide a semi quantitative es-
timate of the size of the drag as compared to the diagonal
conductivities using a set of parameters which might be
of relevance to the cuprate spin ladder La5Ca9Cu24O41
(LCCO)2,46–48.
For the remainder of this work we will assume the
diagonal scattering times to be temperature dependent
but momentum independent. First we consider reduced
quantities GS,P,D for the conductivities of the triplons,
phonons, and drag. These are obtained by stripping
κS,P,D from their dependence on the diagonal scattering
times τS(P) and the scale of the spin-phonon drag time
τD
GS(P) =
κS(P)
τS(P)
, GD =
τDκD
τSτP
, τD ≡ ~J‖
g2
. (34)
These reduced quantities allow to compare the relative
size of the various conductivities versus temperature T
and magnetic field B, independent of their mean-free
paths and involve the parameters J‖ and ωD only. Using
J⊥ ≈ kb 1200K2,46–48, the former is set to J‖ = 0.45J⊥,
which approximately captures the spin gap ∆T of the
LCCO ladders which is ∆T ≈ kb 380K. For the phonons
we chose a Debye energy of ωD ≈ 0.32J⊥. For these
parameters only the normal processes in eqn. (17) con-
tribute to the scattering rates in eqns. (26,27). Finally,
6G
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2 ⊥
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]
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Figure 2: Reduced thermal conductivities GS, GP and GD
from eqn. (34) versus temperature at B = 0. The drag con-
tribution GD is of the same order of magnitude as GS. While
GS and GP become constant for large T , GD grows linearly
in this limit. Parameters: J‖ = 0.45J⊥, i.e., gap ≈ 0.3J⊥ for
B = 0, ωD ≈ 0.3 J⊥, N = 400.
only the long-time limit of the latter equations will be
used in the following discussion.
Fig. 2 displays GS,P,D versus temperature at B = 0.
For the numerical evaluation we have checked, that the
results are independent of the coarse graining procedure
in the limit of small grains and we have chosen system
sizes, typically N = 400 rungs, such that finite size ef-
fects remain negligible on the scale of plots discussed in
the following. Fig. 2 shows that the ratio between the
reduced triplon and drag conductivities is of O(10) for
typical temperatures within the range depicted. With
eqn. (34), this implies, that for the triplon and drag con-
ductivities to be of comparable size, g2τP/(~J‖) ∼ O(10)
should hold. As we will show later, this is not unrealis-
tic for LCCO. The temperature dependence of GS and
GP is as expected, i.e., at T  J , GS shows exponen-
tial Arrhenius behavior, while GP increases linearly for
T  ωD due to the 1D phonon dispersion. The latter is
only visible for the very low temperature scales of Fig. 2.
For T  J and ωD, both quantities GS and GP saturate.
GD, on the other hand, increases linearly with T in the
intermediate and high temperature range depicted. This
is an effect, arising from the combined high-temperature
behavior of the sums of Bose functions in both drag rates
(26,27), and the derivatives (∂g/∂ε) and (∂p/∂ω) in (33).
To evaluate the thermal conductivities semi-
quantitatively we have to fix the parameters g, τS
and τP. The diagonal scattering times τS and τP are
chosen to approximately account for the known trans-
port data of LCCO, discarding any drag contribution a
priori. To this end we assume that the low-temperature
scattering for phonons and triplons can be expressed
by a temperature-independent effective mean free path
l0P(S) resulting from grain-boundaries, impurities etc..
The relation between the mean free paths and the
scattering times is set to τP(S)(T ) = lP(S)(T )/vP(S),max,
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Figure 3: (a) Temperature dependence of thermal conductiv-
ities κS (checks) and κP (dots) (32) as well as of κD (33) for
g = 0.1J‖ (triangles) and g = 0.2J‖ (squares) without mag-
netic field B. Dashed line without symbols: experimental
data for spin heat conductivity in LCCO from ref.46. κD is of
the same order of magnitude as κS. The maximum for κD lies
at lower temperatures than for κS. Inset: Dependence of re-
laxation times τS (solid) and τP (dotted) in [102~/J⊥] on T in
[J⊥/kb] Parameters: J⊥ = kb1200K, J‖ = 0.45J⊥ (i.e., gap
≈ 0.3J⊥ for B = 0), ωD ≈ 0.3 J⊥, a = 4 · 10−10 m, N = 400.
(b) Total conductivity κS + κP + κD for g = 0.1J‖ (κ1) and
g = 0.2J‖ (κ2).
where vP(S),max is the maximum phonon(triplon) group
velocity. At high temperatures the diagonal mean free
paths are assumed to be determined by scattering from
a bosonic bath, which may either stem from phonons or
triplons. This suggests an expansion of the mean free
path as lTP(S) = aP(S)/T + bP(S)/T
2 + . . .49. Altogether
we have lP(S)(T ) = min(l0P(S), l
T
P(S)). To mimic the
experimental data, existing for LCCO for tempera-
tures T . 300K2,7,46,47,49, we found that l0P ≈ 770Å,
aP ≈ 55.3 · 103ÅK, and bP ≈ 0 for the phonons and
l0S ≈ 2960Å, aS ≈ 0, and bS ≈ 4.18 · 107ÅK2 is ac-
ceptable. We emphasize, that, while phonon relaxation
mechanisms are rather well understood, the approximate
7form of the temperature dependence for τS merely serves
as a fitting parameter, and in particular aS ≈ 0 may
not apply for T & 300K. However, this does not impair
any of our following conclusions. Finally, to evaluate
the bulk conductivity, we rescale our 1D theory by the
perpendicular surface area A ≈ 35.6Å2 per spin ladder.
Using the preceding scattering rates, Fig. 3(a) displays
the diagonal conductivities versus temperature at zero
magnetic field. The inset of Fig. 3(a) shows τP(S). First,
and as a consequence of our choice of τP(S), the over-
all magnitude and peak location of κS(P) agree roughly
with experiment2,7,46,47,49. Second, Fig. 3(a) depicts the
drag conductivities, using the same τP(S), and two typi-
cal spin phonon coupling constants g=0.1 and 0.2J‖. As
discussed in section IIC, such values of g are well within
reach for cuprates. In turn, as one main point of this
paper, Fig. 3(a) demonstrates, that for reasonable mag-
netoelastic coupling strengths, the magnitude of the drag
conductivity may well be comparable with that of the di-
agonal triplon conductivity. Due to κD ∝ g2, more quan-
titative considerations will depend sensitively on material
details, suggesting that existing interpretations of experi-
mental data in terms of diagonal conductivities only may
need to be reexamined.
Turning to the temperature dependence in Fig. 3(a),
and following the discussion of GS,P,D(T), we first note
that κD ∝ TτPτS at high temperatures. Therefore,
and as another main point of this paper, κS and κD
behave asymptotically identical at high temperatures,
where τP ∝ 1/T is firmly established. This can been
seen clearly in Fig. 3(a). I.e., the triplon and drag contri-
butions to the high-temperature transport are entangled
inseparably. Regarding low temperatures, κS displays an
Arrhenius-behavior, as expected from the spin gap. This
behavior also translates into the drag. The low temper-
ature phonon conductivity is ∝ T . This is an artifact of
our 1D phonon model.
Fig. 3(b) shows the total heat conductivity. Three
comments are in order. First, and as a detail of our
model parameters, this figure clarifies, that our choice
for the Debye temperature and the size of the spin gap
do not fully reflect the material specifics of LCCO, where
the phonon peak is split off into the spin-gap2. Second,
and more important, this figure demonstrates that even
in the case of strong drag, i.e., g=0.2, the drag does not
lead to additional structures in the temperature depen-
dence of the total conductivity. Finally, since our starting
point has been a fit to the observed diagonal conductivi-
ties without considering drag, the magnitude of the total
conductivity does not agree with experiment.
While the typical exchange energies in LCCO are too
large to allow for sizeable manipulation of the triplon dis-
persion by experimentally accessible magnetic fields, it is
nevertheless interesting to investigate also the field de-
pendence of the reduced thermal conductivities GS and
GD. This may be relevant for appropriate low-J⊥,‖ spin
ladders as, e.g., in ref.50. The results are shown in Fig. 4
up to fields of 0.3J⊥, which almost close the spin gap for
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Figure 4: Reduced thermal conductivities GS and GD from
eqn. (34) as a function of the magnetic field B for a tem-
perature smaller (T = 0.2J⊥) and a temperature larger
(T = 0.8J⊥) than the spin gap. The drag contribution GD
shows a significantly stronger B-dependence than GS, espe-
cially for high temperatures. Parameters: J‖ = 0.45J⊥ (i.e.,
gap ≈ 0.3J⊥ for B = 0), ωD ≈ 0.3 J⊥, N = 400.
J‖ = 0.45J⊥, and for two temperatures T = 0.2J⊥ and
0.8J⊥, which are below and above the magnon gap. We
note that GP is strictly field independent in our model.
As is obvious from the figure, the diagonal triplon contri-
bution is almost field independent for the temperatures
depicted. This can be understood in terms of a near can-
cellation of the change in contributions to κS from the
Sz = ±1 triplon branches in finite fields. At significantly
lower temperatures a weak field dependence of GS can
be observed. In contrast to GS, GD shows a clearly vis-
ible upward curvature versus B for larger fields. This
behavior increases with temperature. It is tempting to
speculate, that such behavior may help to identify ma-
terials with sizeable drag contributions to their thermal
conductivity.
V. CONCLUSION
To summarize, we have investigated the spin-phonon
drag effect in the thermal transport of two-leg spin lad-
ders. Using a bond-operator description for the spin
excitations and magnetoelastic coupling to longitudinal
lattice vibrations we have employed the TCL projection
operator method to map the quantum dynamics of the
coupled spin and phonon system onto a linear Boltzmann
equation from which an expression for the thermal con-
ductivity has been obtained via the Chapman-Enskog ap-
proach. We have shown, that for magnetoelastic coupling
strengths which are well within reach for cuprate spin
ladders, the drag contribution to the total conductivity
is not negligible, but rather can be of a size similar to
that of the diagonal magnetic heat conductivity. More-
over, we have found, that the drag may be delicate to
discriminate from the diagonal magnetic conductivity by
8means of the temperature dependence, since their high
temperature behavior is asymptotically identical and at
intermediate temperatures the drag does not lead to ad-
ditional structures. Finally, we have pointed out, that fi-
nite magnetic fields may signal drag contributions to the
conductivity. While the main conclusions of this work
should be rather insensitive to details of the model pa-
rameters used in our numerical analysis, it seems highly
desirable to enhance upon the ideas put forward here by
considering a more realistic and 3D version of the phonon
spectrum and the corresponding magnetoelastic coupling
geometries.
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